Let F q be a finite field with q = p m elements, where p is any prime and m ≥ 1. In this paper, we explicitly determine all the µ-constacyclic codes of length n over F q , where is an odd prime coprime to p and the order of µ is a power of . All the repeated-root λ-constacyclic codes of length n p s over F q are also determined for any nonzero λ in F q . As examples all the λ-constacyclic codes of length 3 n p s over F p for p = 5, 7, 11, 19 for n ≥ 1, s ≥ 1 are derived.
INTRODUCTION
The class of constacyclic codes plays a significant role in the theory of error correcting codes. These include cyclic and negacyclic codes, which have been well studied since 1950's. Constacyclic codes can be efficiently encoded using shift registers, which explains their preferred role in engineering. Let F q be a finite field with q elements and N be a positive integer coprime to q. For a non-zero element λ ∈ F q , a linear code C over F q is called λ-constacyclic if (λa N −1 , a 0 , a 1 , · · · , a N −2 ) ∈ C for every (a 0 , a 1 , · · · , a N −1 ) ∈ C. It is well known that a λ-constacyclic code of length N over F q can be identified as an ideal in the quotient ring If λ = 1, λ-constacyclic codes are just cyclic codes and if λ = −1, λ-constacyclic codes are known as negacyclic codes. If N is coprime to q, a λ-constacyclic code of length N over F q is called simpleroot λ-constacyclic code; otherwise it is called repeated-root λ-constacyclic code. These codes have been studied extensively by several authors (see [1] - [3] , [5] - [10] ).
In an earlier paper, the author along with Bakshi [1] studied simple-root constacyclic codes of length 2 n and repeated-root constacyclic codes of length 2 n p s , n, s ≥ 1, over the finite field F p m , p an odd prime, m ≥ 1. Almost the same time, Dinh [6] determined repeated-root constacyclic codes of length 2p s over F p m . In [7, 8] Dinh determined constacyclic codes of length 3p s and 4p s over F p m . Recently Chen et al. [5] studied constacyclic codes of length t p s over F p m where is a prime different from p, introducing a concept of isometry. They showed that constacyclic codes belonging to an isometry class have the same algebraic structure. Extending our earlier results of [1] , we in this paper, give a simple and direct method to obtain simple-root constacyclic codes and repeated-root constacyclic codes of length n and n p s respectively where is an odd prime coprime to p.
The plan of the paper is as follows. In Section 2, we explicitly determine all the simple-root µ-constacyclic codes of length n over F p m , when the order of µ is a power of (Theorems 1 and 2). In Section 3, we determine explicitly all the repeated-root λ-constacyclic codes of length n p s over F p m for any nonzero λ in F p m (Theorem 3). As examples, we determine all the λ-constacyclic codes of length 3 n p s over F p for primes p ≡ 2(mod 3) but p 2 ≡ 1(mod 9) and for primes of the 7, 11, 19 . In Section 4, we obtain all the selforthogonal simple-root negacyclic codes of length n over F p m , when p is an odd prime (Theorem 4) and give some illustrative examples.
SIMPLE-ROOT µ-CONSTACYCLIC CODES OF LENGTH n
Let F q be a finite field with q = p m elements, where p is any prime, m ≥ 1 and is an odd prime coprime to p. Let F * q be the multiplicative group of nonzero elements of F q . Let µ ∈ F * q be an element with order O(µ) = k , k ≥ 0. In this section, we determine all µ-constacyclic codes of length n over F q , n ≥ 1. Note that µ = 1 if k = 0. Also observe that
We first prove some lemmas.
PROOF : Since µ k = 1, we have 
is the minimal polynomial of α s over F q and
gives the factorization of x N − 1 into irreducible factors over F q , where s runs over a complete set of representatives from distinct q-cyclotomic cosets modulo N . Note that the minimal polynomial M s (x) depends upon the choice of α.
For our purpose, we take N = n+k and choose α, a primitive n+k th root of unity satisfying
Such a choice of α is possible. where φ denotes Euler's phi-function. We write
Also we find that for any integer j,
Further if k ≥ 1, in view of (2.1), we have
Let g be a primitive root modulo such that gcd( g −1 −1 , ) = 1 so that g is a primitive root modulo j for every j ≥ 1; such an g exists, (see [4] , Chapter 8).
We prove the following:
Theorem 1 -Let F q be a finite field with q = p m elements and be an odd prime co-prime to q. Let n ≥ 1 be an integer, with δ(j), 1 ≤ j ≤ n, and g as defined above. Let µ ∈ F * q be an element
PROOF : (i) follows immediately as all the distinct non-zero q-cyclotomic cosets modulo n are given by
(ii) Here f = 1 and d ≥ k. We prove that
Then we have for some t, using (2.4)
which further gives
. Therefore, using (2.5), we get
This yields that ψ(x) = x n −µ as x n −µ and ψ(x) are both monic polynomials, proving thereby
Note that
is a principal ideal ring and any ideal in it is generated by a divisor of
is the factorization of x n − µ into monic irreducible factors over F q , then there are precisely 2 r µ-constacyclic codes of length n over F q given by
where i is either 0 or 1 for each i. Using Theorem 1, we list in the following theorem, all the µ-constacyclic codes of length n over F q .
precisely by
Remark : Let n ≥ 1 and µ ∈ F * q be an element of order k , is an odd prime coprime to q, k ≥ 1. Working as in Lemmas 1 and 2, one can easily get
and for 1 ≤ i < k , with gcd(i, ) = 1
In this section we obtain all the repeated-root λ-constacyclic codes of length n p s , n ≥ 1, s ≥ 1 over F p m in terms of their generator polynomials. We first give some lemmas which are similar to Lemmas 8-10 of [1] . For the sake of completeness we give the proofs of these.
Lemma 3 -Let F q be a finite field with q = p m elements, p any prime. For λ ∈ F * q and any integer n ≥ 1, there exist unique Λ and β in Since β 1 has order not divisible by and β 1 ∈ F * q , we also have β v 1 = 1. Now, by equation (3.3) and (3.4), we have
This proves the lemma.
2
As gcd(p, p m − 1) = 1, let t be the unique integer such that
where Λ is as defined in (3.2). Also we have t = 1 if m = 1.
Lemma 4 -Let λ ∈ F * q with Λ and β as given in Lemma 3. Then the map Φ :
is a ring isomorphism.
PROOF : Define a map ϕ :
Clearly ϕ is an onto homomorphism. Using (3.2) and (3.5), the kernel of ϕ is
Therefore ϕ induces the ring isomorphism Φ stated in the lemma. 2
The above lemma immediately gives the following:
where j i are integers satisfying 0 ≤ j i ≤ p s , for all relevant i.
PROOF : It is known that if f (x) runs through all the divisors of
are precisely all the Λ-constacyclic codes of length n p s . Let
be the factorization of x n − Λ t into irreducible factors over F p m . Then 
Examples
In this section we give the generator polynomials of all the repeated-root λ-constacyclic codes of
The primes 5, 11, 23, 29, 41, · · · come in this category. Here we find that p is primitive root modulo 3 and since gcd(
3 , 3) = 1, p is a primitive root modulo 3 n for all n ≥ 1. Therefore
Let α be a primitive 3 n th root of unity in some extension field of F p . Then since
α must be a root of f (x) = x 2·3 n−1 + x 3 n−1 + 1. Therefore M 1 (x), the minimal polynomial of α,
where C 1 is p-cyclotomic coset modulo 3 n containing 1. Since M 1 (x) | f (x) and both are monic polynomials of same degree, we must have M 1 (x) = f (x). Hence, by induction, the factorization of x 3 n − 1 into irreducible factors over F p is given by
All the repeated-root cyclic codes of length 3 n p s over F p are given by
Similarly all the repeated-root negacyclic codes of length 3 n p s over F p are given by
. Therefore k = 0 and Λ = 1 in the equation (3.2) , i.e. λ = β 3 n . Also here t = 1. Using (3.6) and Theorem 3, all the λ-constacyclic codes of length 3 n p s over F p are given by
In Table I we list the values of β and the generator polynomials of all the repeated-root λ-constacyclic codes of length 3 n p s over F p for p = 5 and 11. 
Note that if for a tuple (λ, n) = (λ 0 , n 0 ) we get β = β 0 , then for the tuple (λ, n) = (−λ 0 , n 0 )
we have β = −β 0 .
One easily checks that in F 5 , for all j ≥ 0, 2 2·3 j ≡ 4 ≡ 3 2·3 j (mod 5) and
q
The primes 7, 19, 37, 73, 163, . . . come in this category.
If d = k ≥ 1 and so δ = 0, there is only one irreducible factor on right side of (3.7), giving thereby that x 3 n − Λ is irreducible over F p . Thus there is no non-trivial simple-root Λ-constacyclic code of length 3 n over F p . Further if = 0, by Theorem 3, all the repeated-root λ-constacyclic codes of length 3 n p s over F p are given by (
by Theorem 3, all the λ-constacyclic codes of length 3 n p s over F p are given by
For p = 7, we have d = 1, b = 1 so k = 0 or 1 and = 0 or 1. We find that k = 1 for λ = 2, 3, 4, 5. The generator polynomials for all the λ-constacyclic codes of length 3 n 7 s over F 7 , λ = ±1 are listed in Table II . For k = 0, one easily checks by induction, that
and
is the factorization of x 3 n −1 and x 3 n +1 respectively into irreducible polynomials over F 7 . Therefore all the repeated-root cyclic codes of length 3 n 7 s over F 7 are given by
and all the repeated-root negacyclic codes of length 3 n 7 s over F 7 are given by For p = 19, we have d = 2, b = 1 so k = 0, 1 or 2 and = 0 or 1. We find that k = 2 for λ = 2, 3, 4, 5, 6, 9, 10, 13.14.15, 16, 17 and k = 1 for λ = 7, 8, 11, 12. The generator polynomials for all the λ-constacyclic codes of length 3 n 19 s over F 19 , λ = ±1 are listed in Table II . For k = 0, one easily checks by induction, that
is the factorization of x 3 n − 1 and x 3 n + 1 respectively into irreducible polynomials over F 19 .
SELF-ORTHOGONAL NEGACYCLIC CODES OF LENGTH n
For any linear code C of length N over F q , the dual C ⊥ is defined as
where u · v denotes the standard Euclidean inner product of u and v in F N q . If C is cyclic (respectively negacyclic) then so is C ⊥ . The code C is said to be self-dual if C = C ⊥ and self-orthogonal if C ⊆ C ⊥ . The classes of self-orthogonal and self-dual codes are important in coding theory both from a practical and a theoretical point of view. Cyclic codes over finite fields which are self-dual or self-orthogonal have been studied by many authors such as Jia et al. [11] , Kathuria and Raka [12] and Dinh [7] (also see Rains and Sloane [14] ). It is well known that self-dual cyclic codes of length N over F q do not exist if gcd (N, q) = 1. Jia et al. [11, Theorem 1] proved that self-dual cyclic codes of length N over F q exist if and only if q is a power of 2 and N is even.
However, self-dual negacyclic codes over F q exist when q is odd but they must be of even length.
Blackford [3] proved that self-dual negacyclic codes of length N = 2 a n , n odd, over the field F q with gcd(N, q) = 1, exist if and only if q ≡ −1(mod 2 a+1 ). In previous papers, Bakshi and Raka [1, 2] obtained all the self-dual negacyclic codes of length 2 n ; all the self-dual and self-orthogonal negacyclic codes of length 2 n , n ≥ 1, over F q where q is an odd prime power and is an odd prime coprime to q. In this section we explicitly determine all the self-orthogonal negacyclic codes of length n over F q for an odd prime coprime to q.
. It is well known that (see for example [2] ) if C is a negacyclic code of length N over F q generated by g(x), then the dual code C ⊥ is generated by h * (x), where h(
where γ s is some nonzero element of F q .
In this section we take q = p m to be an odd prime power so that O 2 j (q) = O j (q) = λ(j) where λ(j), δ(j) for 1 ≤ j ≤ n are as defined in (2.7). Let g be a primitive root modulo 2 j for every j ≥ 1 (such a g exists). Working as in [2] , we find that Lemma 6 -Let F q be a finite field with q elements, q odd and be an odd prime co-prime to q.
Then all the distinct q-cyclotomic cosets modulo 2 n are given by
C a n−j g r = {a n−j g r , a n−j g r q, · · · , a n−j g r q λ(j)−1 } for a = 1, 2, 0 ≤ r ≤ δ(j) − 1 and 1 ≤ j ≤ n and
2)
3)
The following lemmas 7 and 8 are similar to Lemma 4 & 6 of [2] . For the sake of completeness we give the proof of these.
Lemma 7 -If f is even, then for any j and r, 0 ≤ r ≤ δ(j) − 1, 1 ≤ j ≤ n, we have
As f is even, we have from (2.7), λ(j) is even, so q
.
Lemma 8 -If f is odd then for any j and t, 0 ≤ r ≤ δ(j) − 1, 1 ≤ j ≤ n, we have As g is a primitive root modulo 2 j and q is coprime to , we have
for some i. Raising to the power λ(j) on both sides we get 
is calculated modulo δ(j)).
(ii) If f is even, then there is no non-trivial self-orthogonal negacyclic code of length n over F q .
PROOF : Let C be a self-orthogonal negacyclic code of length n over F q . we have by Lemma 6, where γ r,j is some nonzero element of F q . Therefore, for some nonzero element γ of 
